The aim of this paper is to study disclinations in the framework of a second strain gradient elasticity theory. This second strain gradient elasticity has been proposed based on the first and second gradients of the strain tensor by Lazar et al. By means of the stress function method, the exact analytical solutions for stress and strain fields of straight disclinations in an infinitely extended linear isotropic medium have been found. An important result is that the force stress, double stress and triple stress produced by wedge and twist disclinations are nonsingular. Meanwhile, the corresponding elastic strain and its gradients are also nonsingular. Analytical results indicate that the second strain gradient theory has the capacity of eliminating all unphysical singularities of physical fields.
Introduction
Classical elasticity breaks down at small distances from crystal defects like dislocations and disclinations and leads to unphysical singularities. As an extension of the classical elasticity, strain gradient elasticity (Krö -ner, 1963 (Krö -ner, , 1967 Krö ner and Datta, 1966; Green and Rivlin, 1964a,b; Mindlin, 1964 Mindlin, , 1965 Mindlin and Eshel, 1968) can be used to eliminate singularities.
Gradient elasticity and other theories were used to calculate the stress and the strain fields produced by dislocations and disclinations (Aifantis, 2003; Gutkin and Aifantis, 1996 , 1997 , 1999 Gutkin, 2000; Maugin, 2004a,b, 2005; Lazar, 2003a,b,c,d) . The gradient elasticity solutions have no singularity in both the stress and the strain fields. On the other hand, in first gradient elasticity the double stresses of twist disclinations, e.g. s xxx , s zzx , etc., still have singularities at the defect line (Lazar and Maugin, 2005) . Recently, Lazar et al. (2006) proposed a special second strain gradient theory and calculated the stress and strain fields produced by edge dislocations and screw dislocations. In which, the force stress, double stress and triple stress are all nonsingular. In this paper, we want to extend second strain gradient theory to investigate disclinations.
The plan of the paper is as follows. In Section 2, the framework of the second strain gradient elasticity is introduced. In Section 3, the classical solutions of wedge disclination are presented first and subsequently its elastic stress, double stress and triple stress in second strain gradient elasticity theory are calculated. The Section 4 treats twist disclination, and its structure is same as in Section 3. These fields in the framework of second strain gradient elasticity have no singularities within the disclination core region. Therefore, it regularizes all elastic fields within the framework of this theory. In Section 5, a concise conclusion has been provided.
Framework of the second strain gradient elasticity
In this section, the framework of second strain gradient elasticity will be introduced, and the details can be found in references [e.g., Lazar et al. (2006) ]. E ij denotes the symmetric elastic strain, and it is incompatible in continuum theory of defects (deWit, 1973; Krö ner, 1981; Mura, 1982) . The double and triple strains are defined by
ð2:1Þ
They fulfill the following compatibility conditions:
ð2:2aÞ
Herein e ijk denotes the permutation tensor. For a linear elastic solid, the potential energy function, W, is assumed to be a quadratic function in terms of elastic strain, double strain and triple strain (Lazar and Maugin, 2005; Polizzotto, 2003) W ¼ W ðE ij ; g ijk ; g ijkl Þ:
ð2:3Þ
Since the strain E ij is incompatible, we deal with an incompatible strain gradient elasticity which is valid for defects in linear elasticity. Then
are the response quantities with respect to the elastic, double and triple strains. s ijk and s ijkl are called the double and triple stresses, respectively. In order to connect the higher gradient elasticity with the nonlocal isotropic elasticity proposed by Eringen (1992 Eringen ( , 2002 , the double and triple stresses are just simple gradients of the Cauchy-like stress tensor multiplied by two gradient coefficients:
8Þ
Both e and c are gradient coefficients with the dimension of a length, and e P ffiffi ffi 2 p c. For simplicity and generality, e > ffiffi ffi 2 p c is considered in the paper. The corresponding stress functions under e ¼ ffiffi ffi 2 p c have also been given in Appendices A and B for wedge and twist disclinations, respectively. In the isotropic case, C ijkl , the elasticity tensor reads
where k and l are the Lamé's constants. The force equilibrium condition (the body forces excluded) follows from the variation of W with respect to the displacement vector u i :
ð2:11Þ
Eq. (2.11) takes the form
if we define the total stress tensor Moreover, for the elastic strain, the stress function f, etc., they have the same form
Herein, E 0 ij and f 0 denote the ''classical'' elastic strain and the ''classical'' stress function, respectively. The basic equations in second strain gradient elasticity like Eqs. (2.15)-(2.17) are typical inhomogeneous bi-Helmholtz equations.
Wedge disclination

Classical solutions
Here, we consider a straight wedge disclination inside an infinitely long cylinder with outer radius R. The z-axis is along the disclination line and coincides with the axis of the cylinder. For a wedge disclination, the Frank vector is parallel to the disclination line, X = (0, 0, X).
In absence of body forces, the force equilibrium condition can be identically satisfied by using the stress function (Hirth and Lothe, 1982) . To the plane problem, we use the classical stress field of a straight wedge disclination in terms of the Airy stress function f 0 (Lazar, 2003c) The stress function of a ''classical'' wedge disclination is given by
herein r 2 = x 2 + y 2 . In the case of C = 0, the stress function reproduces the stress of a wedge disclination given by deWit (1973) . Notes
Substitution of Eq. (3.3) into (3.1), yields the classical stress (Lazar, 2003c) 
Similarly, the classical strain can be gotten by using Eqs. (3.2) and (3.3)
ð3:10Þ
For satisfying the boundary condition, r 0 rr ðRÞ ¼ 0, there is
Nonsingular solutions in second strain gradient elasticity
In this subsection we want to consider the wedge disclination in second strain gradient elasticity to find modified solutions without the classical singularities.
We make a hypothesis in terms of unknown stress function f which has the same form as the classical stress field
In addition, the strain is given as 
Similarly, it has to satisfy the boundary condition, r rr (R) = 0, and there is
The stresses in different theories are illustrated by Figs. 1-3 , respectively. In these figures,
, and these particular values will be used to drawing in this paper. In addition, all figures in the paper are plotted according to the independent variable(s) as . The ''classical'' stresses are singular at the disclination line, but the ''modified'' stresses are nonsingular and they have finite minimum values in the disclination core region. In addition, the ''modified'' stresses change slowly near the disclination line comparing to the classical stresses, and they have little difference away from the defect line.
Similarly, the modified strains are expressed as follows
The strains in different theories are plotted in Fig. 4 . In which, the ''classical'' strains change quickly but the ''modified'' ones change steadily at the disclination line.
For linear isotropic media, the relations of the double strain and the double stress and the ones of the triple strain and the triple stress are linear. Therefore, only the hyperstresses (double and triple stresses) are investigated.
Substitution of Eqs. (3.19), (3.20) and (3.22) into (2.8), yields the components of double stress 
The double stresses are illustrated by Fig. 5 . The figure shows that the double stresses have zero value at disclination line, and they change quickly in the defect core region.
Similarly, the triple stresses are given 
The components of the triple stress are illustrated by Fig. 6 , and they have finite values at the disclination line (r = 0). Moreover, the triple stress goes to zero away from the disclination line.
The elastic bend-twist may be determined from the condition that the dislocation density (disclination torsion) has to be zero for a straight wedge disclination
The effective Frank vector of the wedge disclination is given by (see Fig. 7 )
From Fig. 7 , we find that the ''modified'' Frank vectors are no longer constants and they have zero value at the disclination line. On the other hand, when r ! 1, they approach to the classical Frank vector X.
The contribution of double and triple stresses to strain energy density has been investigated. For simplicity, strain energy density function in part 2 can be rewritten as and it has been illustrated in Fig. 8 . In which, we can find that the contribution of double and triple stresses changes quickly within the disclination core. Moreover, the effect of triple stress is neglectable out of disclination core. Certainly, the contribution of double and triple stresses will increase as the gradient coefficients e and c increase.
Twist disclination
Classical solutions
In this subsection we present the ''classical'' stress field for a straight twist disclination in an infinitely extended isotropic body by the help of the stress function method. We assume the disclination line is along the z-axis and the Frank vector has the form, X = (0, X, 0).
The classical solution for the elastic stress field was given by deWit (1973) and Lazar (2003d) 
Nonsingular solutions in second strain gradient elasticity
After giving the classical solutions the twist disclination in second strain gradient elasticity theory will be considered to find the modified solutions without the classical singularities.
In second strain gradient elasticity, the stress functions are related to the stress tensor (Lazar and Maugin, 2005) Consequently, three inhomogeneous bi-Helmholtz equations for the unknown stress functions have been obtained sponding ones in first gradient elasticity near the disclination line. Simultaneously, the elastic strain given in terms of stress functions
is nonsingular, and its components are written as follows: 
ð4:36Þ
These components are plotted in Figs. 14-18, and the figures have also illustrated that the components of the double and triple stresses are regularized.
The effective Frank vector of twist disclination is defined by The effective Frank vectors in different theories are plotted in Fig. 19 . The ''modified'' Frank vectors have zero value at the disclination line, and they approach to the classical Frank vector X as r ! 1.
Conclusions
In this paper, disclinations in the framework of the exceptional version of second strain gradient elasticity theory (Lazar et al., 2006) have been solved. Using this theory, we have found new exact analytical solutions for the stress and strain fields of straight wedge and twist disclinations, respectively. The solutions have no singularities unlike the corresponding solutions in classical elasticity and first strain gradient theory. In addition, the double and triple stresses have been investigated, both quantities are nonsingular. Thus, singularities of the double stress which appear in first gradient theory (see, e.g., Lazar and Maugin, 2005) are regularized.
Analytical solutions of wedge and twist disclinations in the framework of second gradient theory indicate that stress and strain fields and their all first-and second-order gradients are nonsingular. Therefore, the second strain gradient theory is self-consistent and gives good physical results (Lazar et al., 2006) . Furthermore, it shows that the second-order gradient theory is enough and the higher order gradient theory is not necessary.
f ¼ A r
